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Abstract: Timelike Liouville theory admits the sphere § 2 as a real saddle point, 
about which quantum fluctuations can occur. An issue occurs when computing the 
expectation values of specific types of quantities, like the distance between points. 
The problem being that the gauge redundancy of the path integral over metrics is 
not completely fixed even after fixing to conformal gauge by imposing g^ v = e 2b *g M!/ , 
where <fi is the Liouville field and g^ is a reference metric. The physical metric g^, 
and therefore the path integral over metrics still possesses a gauge redundancy due to 
invariance under SL 2 (C) coordinate transformations of the reference coordinates. This 
zero mode of the action must be dealt with before a perturbative analysis can be made. 

O This paper shows that after fixing to conformal gauge, the remaining zero mode of 

the linearized Liouville action due to SX2(C) coordinate transformations can be dealt 
with by using standard Fadeev-Popov methods. Employing the gauge condition that 
the "dipole" of the reference coordinate system is a fixed vector, and then integrating 

^ over all values of this dipole vector. The "dipole" vector referring to how coordinate 

o3 area is concentrated about the sphere; assuming the sphere is embedded in M 3 and 

centered at the origin, and the coordinate area is thought of as a charge density on 
the sphere. The vector points along the ray from the origin of IR 3 to the direction of 
greatest coordinate area. 

A Green's function is obtained and used to compute the expectation value of the 
geodesic length between two points on the § 2 to second order in the Timelike Liouville 
coupling b. This quantity doesn't suffer from any power law or logarithmic divergences 
as a naive power counting argument might suggest. 
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1 Introduction 

Liouville theory has been a useful component in String Theory and 2-D quantum 
gravity ever since Polyakov introduced it in the context of Non-critical String theory [1]. 
A complete list of the applications of Liouville theory is beyond the scope of this 
paper. Some applications of note include include its use as a non-compact conformal 
field theory, a model for Higher-dimensional Euclidean gravity, and as a linear dilaton 
background in String Theory. It is deeply ingrained in proposed holographic duals of 
de Sitter space and the multi- verse including the conjectured FRW/CFT [2-5]. It has 
also been found to have a connection to four-dimensional gauge theories with extended 
supersymmetry [6]. Work on Liouville theory has yielded exact results from , e.g. the 
correlation function of three primary operators which is given by the DOZZ formula 
[7]. Combinatorial approaches have also been made to obtain results in Liouville some 
examples are [8-10]. Recently its path integral properties under analytic continuation 
have been discussed in [11] including the continuation of theory to the Timelike Liouville 
regime [11, 12]. 
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Timelike liouville theory possesses § 2 as a real saddle point about which quantum 
fluctuations can occur. Computing expectation values of fields on this fluctuating ge- 
ometry involves a path integral over the metric of the geometry. The gauge redundancy 
of this path integral must be dealt with before meaningful quantities can be computed. 
The issue that comes up in computing the expectation values of standard classical quan- 
tities like the distance between points in this fluctuating geometry is that even after 
fixing to conformal gauge by imposing g^ = e^g^, where <fi is the Liouville field and 
g^v is a reference metric of § 2 , not all the gauge redundancy has been removed. The re- 
maining gauge redundancy is due to SL/2(C) which transform the reference coordinates 
and Liouville field transform nontrivally leaving the physical manifold invariant. This 
invariance means that until this redundancy is fixed, the integral over metrics is not 
defined. Computing quantities that depend on the physical points by characterizing 
them with reference coordinates is not possible because the position of two points on 
the physical manifold is not uniquely determined by two reference points. A SX 2 (C) 
transformation will change the position of the reference points leaving the physical 
points alone. Computing the distance between the physical points by integrating over 
the reference points is not defined until the SX2(C) redundancy is fixed. In this paper it 
is shown in a perturbative analysis that after fixing to conformal gauge and expanding 
about the spherical saddle of the Timelike Liouville field, the remaining zero mode due 
to the invariance under SL 2 (C) coordinate transformations of the reference sphere can 
be dealt with but using standard Fadeev-Popov methods employing the gauge condition 
that the "dipole" of the coordinate system is a fixed vector, and then integrating over 
all values of this dipole. Dealing with this zero mode means that a Green's function 
can be obtained and a pertubative analysis of quantities on spherical geometry under 
the influence of fluctuations of a semi-classical Timelike Liouville field can be carried 
out. 

One such quantity is the expectation value of the length of a geodesic on a spherical 
geometry under the influence of a semi-classical Timelike Liouville field, computed to 
second order in the Timelike Liouville coupling b. It is shown that this quantity is well 
defined and doesn't suffer from any power law or logarithmic divergences as a naive 
power counting argument might suggest. 

Outline: In section 2, a Green's function is obtained by implementing the gauge 
constraint of fixing the coordinate dipole and integrating over the value of this dipole. 
In Section 3, the Green's function is employed to compute the expectation value of the 
separation between two points on sphere under the influence of a fluctuating Timelike 
Liouville field to second order in the coupling b. Finally in Section 4, some possible 
further applications are looked at. 

For some modern reviews on Liouville theory the reader is encouraged to look at 
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[13-15], some slightly older reviews include [16, 17]. For information on the analytic 
continuation of Liouville to the Timelike regime the reader is humbly referred to [11, 12]. 



2 The Gauge Fixed Propagator 

When coupling a generic conformal Field to two dimensional gravity, the Liouville 
action 



S L = ~^J dx 2 ^i^ ah d a <\>d h <\> + QR(j> + 47r/ie 2 ^) (2.1) 

is obtained after fixing to conformal gauge [13, 18] 1 . (2.1) is invariant under conformal 
transformations of the coordinates 



w[z] (2.2) 

dW (2.3) 



b'[z',z'\ = <p[z,z] - ^log 



2 



dz 



with Q = b + | and the central charge c = 1 + QQ 2 , up to a c-number anomaly [16]. 

The Euclidean space- like Liouville partition function, with a canonically normalized 
Liouville field 0, can be written as 

Z = yp0exp - ^ J dx 2 ^(g ab d a <pd b <p + QR<i) + 4TTLie 2b *) . (2.4) 

This form depends on the fact that the metric can be gauge fixed in a generally 
covariant way to conformal gauge i.e. the Physical metric, g^ v can be written in terms 
of the product of the exponentiated Liouville factor and a Reference metric 'g^ giving 
9p,v = e 26 ^<7|M/[19]- To make contact with the classical Liouville equation, the 1/b 2 
dependence of the central charge which has been absorbed into the definition of the 
Liouville field must be taken into account in order to canonically normalize the action. 
In the Semi-classical limit, the action can be written in terms of classical field via the 
field redefinition C = 260, 

- J dx 2 ^(g ab da<Pcd h <p c + 2bQR(j) c + lQix^e^) . (2.5) 

Here the dominant contribution of the central charge c oc 1/b 2 has been factored 
out. To make a good semi-classical limit the "cosmological constant" fi must scale as 
1/b 2 . The actual cosmological constant A = nfib 2 , is well defined in the semi-classical 

lr This means that in the path integral over metrics a general metric is decomposed into a conformal 
Liouville factor and a family of conformally inequivalent reference metrics ^^[18]. In this paper the 
only relevant reference geometry is, S 2 as higher genus surfaces will not be discussed. 
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6—7-0 limit. 2 Timelike Liouville results from (2.4) under the continuation 6 — > —ib, 
<fi — > i<p and Q — >• iQ with 6g1. The resulting action is 

_ jL f dx 2 ^( - g ab da$d b i- QR$+ ^e 2 ^). (2.6) 

47T J 52 

In the semi-classical limit, b — > 0, (2.6) has a large negative central charge c = 1 — QQ 2 
with Q = 1/6-6. 

One cannot simply compute the partition function for (2.6) by simply integrating 
(2.6) over all fluctuations about the sphere, since the kinetic term in (2.6) is the wrong 
sign and the path integral is formally divergent. One must take the path integral of the 
partition function of (2.4) and analytically continue it, taking Stokes Phenomenon into 
account employing the results of [11] to define the Timelike partition function. Since 
all the relevant saddles of the integration cycle, not just the sphere, must be taken 
into account to get finite answers and reproduce exact results like the Timelike DOZZ 
formula 3 . 

The action of Timelike Liouville has the 2 sphere, S 2 as homogeneous real saddle 
point. 4 The saddle point of the field is defined by the constant Liouville field value 



ilog 
26 



QbR 



(2.7) 



Perturbations by "light" operators 5 , which scale as ba in Liouville momentum will 
not effect the saddle point and hence a perturbative expansion of (2.6) about the 
spherical saddle point can be made without changing the saddle point, i.e. fluctuations 
cannot change the topology. Expanding the Liouville field as <fi = 4> + f and expanding 
to quadratic order in 6, yields a quadratic action for /, which apart from an irrelevant 
constant So, is independent of the value of A. 



2 The value A is a tunable constant in the Liouville theory. It can be changed by adding a constant 
linear shift to the Liouville field. The value of A will be set by the radius of the sphere in what follows. 

This continuation property is what allows us to use a path integral approach to compute Timelikc 
Liouville correlation functions. As the wrong sign kinetic term of (2.6) renders the partition function 
integral formally divergent if Stokes Phenomenon isn't taken into account [11]. In this paper it will be 
assumed that this has already been taken into account. A complete account of Stokes Phenomenon 
and the Timelike partition function goes beyond the scope of this paper, for a nice account one should 
look at [11, 20, 21]. 

4 Viewed from the Space-like side this is a complex saddle point 

5 The terminology "Light" and "Heavy" primary operators, is standard in the study of Liouville 
theory. When computing correlators of primary operators < e" 1 ^ 1 . . . e""^" >, an operator is called 
heavy if its Liouville momentum on ~ & in the b — > limit, and light if a, ~ b/Ji as b — > 0. Heavy 
operators can effect the classical saddle point, as they scale in the same way as the action while light 
operators give sub-leading contributions. 
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-±-Jdx 2 ^(- g ab d a fd b f + Rf 2 ) + S 6 (2.8) 
Expressing the action (2.8) in spherical coordinates and integrating by parts yields 

_ 1_ f d 9d<psm9{f(^- d e sm9d e + — ^ d*+2)f}. 7 (2.9) 
An J 1 V sin sin # v / 




Figure 1. A sphere embedded in M 3 with a coordinate system possessing a dipole. There is 
more coordinate area on one side than the other. The blue arrow denoting the dipole vector. 

This action has a zero mode which must be dealt with in order to compute quan- 
tities in perturbation theory. The zero mode corresponds to the SX 2 (C) conformal 
coordinate transformations that can be performed on the coordinates of the reference 
sphere. These transformations have the effect of moving coordinate area around the 
sphere. The non-compact portion of this gauge redundancy can be attributed to the 
overall dipole of area that the physical manifold has compared to the reference sphere; 
see figure 1. This last gauge freedom must be dealt with using a Fadeev-Popov proce- 
dure. 

6 From the Liouville saddle point (2.7) and what later follows in Section 3 this will imply that 
A = 1/4. However to aid in the analysis A will be left general for now and determined later. 
7 Note R = 2 for the unit sphere. 
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The equation of motion resulting from (2.9) is that massive scalar field on a sphere. 
The calculation can be simplified by exploiting the fact that the Green's function will 
only depend on the geodesic separation between points on the sphere has only one 
singularity and is rotationally symmetric around that singularity 8 . This rotational 
symmetry implies that the Green's function will only depend on the angle between the 
source point and the field point, 9, <p and 9', (p'. This means that the Green's function 
G is only a function of cos = x ■ x 1 = cos 9 cos 9' + sin 9 sin 9' cos (<p — </?'). Using the 
rotational symmetry of the differential operator and calling x — cos P we can rewrite 
the Green's function equation from (2.9) into 

(d x (l-x 2 )d x + 2)G=^-5[l- X ]. (2.10) 




Figure 2. An SL(S,C) transformation, changes the dipole of the coordinate system of the 
sphere 

(2.10) still possesses a zero mode. The zero mode is due to invariance of the 
physical geometry under SX2(C) reparametrizations of the coordinates on the reference 
sphere which results in a compensating change of the Liouville field, leaving the physical 
metric invariant. This SX 2 (C) transformation is a combination of a compact rotations 

8 The non trivial fact that a massive scalar field on a sphere can possess a single singularity unlike 
the massless case which must have two, is due to mass causing field lines to be die off before they 
reach the other side of the sphere to form a second singularity 
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of the coordinate system and/or a non-compact change in the dipole of coordinate 
system. This can be visualized as follows, if the coordinates are thought of as a charge 
density on a sphere embedded in M 3 , SLr2,C) transformations change the dipole of 
this charge density by pushing points toward one site on the sphere and repelling them 
from another. This increases the local charge density about one site of the sphere 
and decreases about another. In terms of the coordinates it increases the amount 
of coordinate area about one point and decreases it about another, see Figure 2. If 
the dipole of the Liouville field is fixed as a gauge condition and the Faddeev-Popov 
procedure of integrating over the gauge condition is implemented, a Green's function 
can be obtained for use in perturbation theory. In (2.10) the statement that there 
is a zero mode remaining is just the fact that a solution of (2.10) is invariant under 
G — > G + a\P\{x) — G + «ix for any value of a±. 9 In these rotated coordinates (2.10) 
is just the equation for the Green's function for Legendre's differential equation with 
I = 1. 

To proceed, the Fadeev-Popov procedure is employed[22, 23] on (2.9) with the 
gauge condition that the dipole over the sphere is fixed and then integrated over all 
values. The dipole is defined as, 



n = J d0dcp sm6 (Gx[6,cp\y 10 (2.11) 



The functional delta function is inserted into the partition function for (2.9) by inserting 
the identity 

1 = Jd 3 aA FP 5 {3) J d9 dip sin 6 ^G^x[9,ip]j —k (2.12) 

into the functional integral for the partition function. Here G^ means the gauge 
transformed G with parameters a, and App is the Fadeev-Popov determinant. Follow- 
ing the standard methods of inserting (2.12) into partition function with action (2.9), 
transforms the linearized Timelike Liouville partition function into 



9 There is only one ct\ here because the coordinates have been rotated into the direction of the 
dipole, and a\ is the magnitude of the dipole vector. If this were not exploited, then ot\ would be 
replaced by the vector a and the zero mode statement would be G — > G + J2 m =-i a mX^ 1,m ^[0, <f\- 

10 Hcre x — \x\(s\\\6 cosipl + sin#sin<pj + cos6*K) is the E 3 position vector in spherical coordinates. 
It is imaged that the reference sphere is embedded in a larger M 3 . 
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J\f / d 3 Ke-^ K / d 3 a / Vf (2.13) 



x exp 



- / d9dvsm9{f(^-d e sm9d e + -^d 2 v + 2)f} 
=7r J L VsmS sin f ^ / 

x S (3) {{ J dOdcpsia [9}xf (a) )} - k)A fp . 



Integrating over k results in 
J\fA FP J d 3 a J Vf (2.14) 

xexpU-^- [ d9d<psm9{f(^—d e sm9d e + ^-dl + 2)f} -2nAfx-n} . 
L 47r J k V sm 9 sin 9 * / J 

From the point of view of the Green's function equation obtained from (2.14), the 
integral (2.11) is just a c-number vector. Hence the Green function equation resulting 
from (2.14) can be solved by treating (2.11) as a constraint on the Green's function 
and then enforcing that constraint to obtain a final answer. The Green's function 
equation resulting from (2.14) taking into account the fact that the Green's function 
only depends on x is 

d x {(l - X 2 )d x G} + 2G = -nAn X + ^6(1 - X ), (2.15) 
with ^ 

n = 2n J dx'x'Glx'). (2.16) 

The gauge fixing procedure has resulted in a inhomogeneous term in (2.15), this 
term can be interpreted as a background charge that absorbs the field lines coming 
from the singularity at x = 1 so that the field is smooth everywhere else on the sphere. 
The general solution to (2.15) when x 7^ 1 is 

„ /imA co\ , /7mA co\ , . . 

G = a lX + [— + yjxlog|l + x| + [— - — Jxlog|l - xl - c 2 . (2.17) 

Imposing the boundary conditions of finiteness x 7^ 1, smoothness of the solution 
at x — ~ 1) normalizing the Green's function so (2.15) is obeyed when \ — 1, and 
imposing the constraint equation (2.16) gives values for A, a%, n, c^. 

The resulting Green's function is 



x m- • 



y=< f[Ox,<P*]f[0v,<Pv] > (2.18) 



^ { - (log 2 + l/2) X xy + Xxy log 1 1 



Xxy\ + 1 
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with A = - j^2, n = ai = -^(log2 + 1/2), and c 2 = and Xxy = 

cos X cos 6y + sin X sin y cos [93 x — <p y ] . 

Quantities can now be computed in perturbation theory using Wicks theorem. 
Which relates the Green's function to the two point correlator of the field [24]. This is 
the Green's function that will be used to compute quantities in perturbation theory. 

3 Perturbative Correction To The Geodesic Distance Between 
Two Points On The Bumpy Sphere. 

Now that the zero mode has been dealt with, the perturbative correction of the 
expectation value of physical geodesic distance between two arbitrary points lying on 
a north south trajectory on the reference sphere can now be computed. 11 The advan- 
tage of computing north/south trajectories is that the two end points will have the 
same value of the azimuthal angle (p which will be called ifo and this simplifies the 
calculation 12 . 

The quantity that will be studied is the expectation value of geodesic distance L 
between two points on a north south trajectory computed up to second order in b 13 



62 \je^^fg, u [l + sin 2 ^(^) 2 } de) 



AfApp J dctDfe s s*™ g e fixed action 

The unperturbed geodesic is the portion of the latitude line connecting 9\ and 02, 
implying that the unperturbed geodesic (po is a constant. Variation with respect to 
a;( 2 ) = tp in (3.1) results in the usual geodesic equation, 



11 This is more general then it seems, since one can simply rotate the coordinates of the reference 
sphere to move two arbitrary points onto a north-south trajectory, no generality is lost by computing 
north-south distances. 

12 Bccause <f> is the standard symbol for the Liouville field, ip will be used for the azimuthal angle. 
13 Here the reference polar angle 6 has been chosen as the parameter along the geodesic, to avoid 
any vielbien ambiguities. 
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It follows that, corrections from the reference geodesic equation comes from two sources: 
the explicit factor of e 2b< ^ in (3.1), and the change in the Christoffel symbol that results 
from it, 

, i-teMa t\~ , fa f\~ fa f\~ 1 (33) 



= + bg x ° [{d,f)g V(7 + (d v f)g afl - {d a f)g^[ 



Here / is the fluctuation in the Liouville field from <f> . The geodesic equations 
derived from (3.3) are 14 



Inserting (3.4) into (3.2) gives 
5L = - 



62 dd sin 2 ee^dcpl^ + 2 cot 6^ -\ b 



dd 2 



dO 



sin^( 1 + Sm 6 \W 



62 



d9e 



9i 



+ b sin 2 9 

Expressing the corrections in the geodesic ip[9] as, 



(3.4) 



(3.5) 



(3.6) 



<p[9] = <p + b<p 1 [e]+V l <p2[e] + ... (3.7) 

and substituting (3.7) into (3.6) leads to a set of equations of different orders in b. The 
zeroth, first, and second order equations are respectfully, 



d 

d~e 



sin 2 6 



dip \ 
d9 ) 



(3. 



d 
dO 



■ 2n dl fl 



d<pf — sin 2 8 



d(po 
' dO 



d v f+{ 



dxpo 
d6 



d v f 



(3.9) 



d 
dO 



8111 9 W 



sin 2 # 



dip, , 



(3.10) 



As was mentioned previously, (po is a constant. This is consistent with (3.8) and also 
14 ^u>e = cot 9 is the only pertinent non-zero Christoffel symbol for the reference geometry of S 2 . 
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implies that (3.9) reduces to 



d 

dl 



d v f- 



(3.11) 



Lastly, since L is being computed to second order in b, (3.1) implies that only the first 
order correction (fx is needed, and (3.10) is not necessary. 

The classical action that generates (3.11) up to total derivatives, is that of a forced 
harmonic oscillator with vanishing kinetic term 15 . A good conjugate variable to describe 
the system is then u = (psin9, which rewrites (3.7) as 



u 



u + b Ul [6] + l?u 2 [9] + ... 
ip[6] sin 9 

ipo sin + Vi[0] sin 9 + b 2 cp 2 [9] + ... 



(3.12) 



changes (3.8) to 



d 



sin 9 



duo 
Ld9~ 



Uq cos 9 
sin 9 . 



■ ni d2u o , 



and changes (3.11) into 



d 2 Ui 
~dW 



+ ui = d u f. 



(3.13) 



(3.14) 



This rewriting makes the following computations easier. Since the geodesies begin 
and end on the same value of <p — <po] our boundary conditions are that uo^] = 
</9osin0 2 , Uo[9i] = <^osin0i, and that ui[9 2 ] = u\[9i] = 0. 16 These equations can 
formally be solved to create an expansion for u up to order b, 



u 



(p sm 



9 + b{J d9sin[9-9]d u f[9] 
sin [9 2 - 0} 



sin [0 2 — 9i 



02 



d9 sin [9 2 -9}d u f[9]\. 



(3.15) 



15 A classical action that generates (3.11) up to total derivatives is 



sin^ 9 



\d6 2 ) 



+ f 



de 



do 



. The time evolution parameter in this case be 9. 

16 Thcse boundary conditions are the correct ones as the unperturbed geodesic was just the path 
ip[6] — ipo on the reference sphere. Small fluctuations of the sphere, "bumps", do not change the <p 
position of points hence the end points do not move; therefore the correction ui should vanish at at 
the end points. 
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Rewriting the expectation value (3.1) in terms of the variable u yields 



2 



L=(*l + (3,6, 



with 

du ucosO} 2 b 2 | sin#i '' H ' 2 



d9 sin 9 J sin 9 1 sin [9 2 - 9i] J 9l 



d9sm[9 2 -9}d u f[9] (3.17) 
- / d9sm9d u f[9) 



The second line results from (3.15) 17 . It is evident from (3.16) that e b ^° = — 

1/2 

is the radius of the sphere which has been set to 1 in the b — > limit. Recalling 

that R = 2, this shows that the value of A = 1/4 if 9 2 — $i is to be interpreted as 
the difference in polar angle for the unperturbed path. 18 Expanding (3.16) up to and 
including 0[b 2 ] results in 



6 2 r sin 2 ^ Z^ 2 Z^ 2 

-2 r „ „ 1 / / d9d9sm9sm[9 2 -9] 

d9d9 sin # sin sin } < tt /[?] <9 U / [0] ) . 19 

■'Hi 



Looking at (2.18) evaluated when ip x = ip y , it is evident that the correlator made out 
of descendants (d u f[9}d u f[9']^ can be obtained, by taking the appropriate derivatives 
of (2.18) and then setting <p x — <p y — <p . 



17 Since (3.16) is being expanded to order b 2 , it is valid to evaluate u only to first order in b as the 
lowest order correction under the square root sign is b 2 , (the zeroth order term drops out). Higher 
order corrections of u will only contribute 0(6 3 ) corrections. 

18 This makes sense as A -1 / 2 has units of radius of curvature as can be seen from the classical 
equation of motion from (2.6) in the semi-classical limit. Specifically R oc A [13]. Since constant shifts 
4> can be used to tune the value of A, it sets the radius of the sphere[14]. 
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< d u f[9}d u f[9] > = — { - (log 2 + 1/2) + log |1 - cos [6- 9]\ (3.19) 

cos[#-#] 1 
1 - cos [9-9] J' 

There are two issues in proceeding further; first both (9 u /[^]9 u /[0']) and (/[#]/[#']) 
diverge as 9 — > 9', and second, there are three non-trivial integrals that involve \d u f[9\d u f[9'\). 
The coincident divergence problem is treated by introducing a short distance regulator 
e, into both (f[9]f[9' + e\) and (d u f[9]d u f[9' + e]), evaluating (3.18) with the regulator 
in place, and finally taking e — > 20 . The second problem is more technical, brute force 
calculation of (3.18) results in a proliferation of terms to be computed. The calculation 
is simplified dramatically if the following trick is employed; rewriting the correlator as 
follows 

(d u f[9]d u f[9 + e])= [ W r dadp6[a-9)6[j3-9}(d u f[a}d u f[P + e)), (3.20) 
Jo Jo 

and placing this into (3.18) allows all the pre-factors of (d u f[9]d u f[9 + e]) to be inte- 
grated. (3.18) is reduced to 



^) 1/2 {(# 2 - *i) (l - y + \b 2 (f[9]f[9 + C ]>) (3.21) 



2 J 9l sm[9 2 -9 1 ] 

da d(3 sin [«-/?]) (d u f[9]d u f[0 + e]>. 

In the 6 — >■ 0, L should reduce to the geodesic length on the unperturbed unit 
sphere implying A = 1/4. These last integrals can now be evaluated with less but 
still considerable effort. Once (3.21) is evaluated at finite e, the Log divergence from 
(/[^]/[^+ e ]) cancels the remaining Log divergence from the \d u f[9}d u f[9+e}) integrals. 
Apart from the one Log divergence that cancels the (f[9]f[9 + e]) divergence, all other 



20 It should be noted that the (/[#]/[#]) term in (3.18) is manifestly divergent. This is due to the 
fact that both variables are evaluated at the same point. This divergence is logarithmic, as can be 
seen when the regulator e is added, (f[0]f[0 + e]) = g^-( — (log 2 + 1/2) cos e + cose log |1 — cos e| + l). 
This log, is the factor that is cancelled by the integrals involving (d u f[9]d u f[9' + e]) in (3.18). All 
other divergent quantities in (d u f[9]d u f[8' + e]) integral cancel internally, leaving a finite result. 
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factors of log [1 — cose] originating from the (d u f[9]d u f[9 + e]} integrals cancel amongst 
themselves in the limit e — > and the result of (3.18) is finite 

L = (9 2 - 9 1 )(1 -P/2) + ^{~ (log 2 + 1/2) { sin [0 2 - 9 1 ] (3.22) 
+ (1 _ C o S [9 2 - 9,}) tan [^y^j } - 2(9 2 - 9,) 



+ 2 tan 



9 2 -9 



2 

4 Results And Discussion 



log |1- cos [9 2 -9 1 ]\y 



4.1 Interpretation Of The Finiteness Of L To Second Order In b. 

The order b 2 correction has two contributions. The contribution proportional to 
j|^2, is the main result of the perturbative computation. One possible surprising result 
is that L is finite at all for non-zero separation angle. One possible intuition due to 
power counting is that in higher dimensions that L would have behaved much like a 
Wilson line and have power law divergences resulting when 9 = 9. This divergence 
would result from small fluctuations of the geometry that give the geodesic infinitely 
small wiggles or a fractal structure, causing the distance to diverge. This does not 
happen here because of the restriction to two dimensions; which renders these potential 
divergences integrable leaving only logarithmic divergences. The remaining logarithmic 
divergences conspire to cancel, leaving (3.22) finite. 

An argument can be made as to why the logarithmic divergences have to cancel, 
leaving L finite. A perturbation of the metric which changes the geometry, will result in 
leaving the original geodesic as a path connecting the two end points but this path will 
not necessarily be the shortest one. Since the new geodesic for the modified geometry 
will be the shortest distance between the two points, it's length must be bounded by 
the length of the original geodesic, which was finite. Since it must be finite, it cannot 
be logarithmically divergent. It is possible, that there is some perturbative symmetry 
or deeper reason that causes this cancellation to happen yielding a finite result, but the 
author is unaware of it. It would be interesting if this cancellation of divergences would 
continue on in higher order terms of the quantity L. It is possible that a proof could be 
constructed for the higher order case by showing that the cancellation of higher point 
terms reduces to sum of repeated cancellations of the type shown here. This will have 
to be determined in future work. 

The factor -f (0 2 -0i) results in a b correction to the radius of the sphere. It comes 
from the fact that before analytic continuation to the Timelike regime, Q = 1/b + b 21 . 



"■This is different in from its classical value 1/b because of the requirement of the conformal weights 
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This factor would be there if there was no fluctuation of the Liouville field away from 
the saddle point, and is independent of the gauge- fixed propagator that was derived. 



4.2 Break Down Of The Perturbation Of L For Large Separation Angle. 

One point of note is that (3.22) diverges when 82 — 61 — > tt. This is a sign that 
the perturbation series is breaking down, not that the distance L is becoming infinite. 
This can be explained by noting that if the end points are taken to be the north 
and south poles of the sphere, the geodesic connecting them is degenerate. When 
the angles are not antipodal on the sphere, there is a unique unperturbed geodesic 
connecting them, <p[9] = ip , which fluctuations can be computed about. As the end 
points become antipodal, there are many different paths that are infinitesimally close 
to the true geodesic. This degeneracy means that the current expansion is not an 
analytic function of b as b — > when 62 — 9\ = tt, and hence a power series expansion 
around b — > is no longer valid. This is analogous to expanding yfx around x = 
and noting that coefficients of the power series are infinite. The situation occurs in 
degenerate perturbation theory, where a perturbation breaks the degeneracy. In the 
limit of the perturbation vanishing, the perturbation series begins to break down as the 
second order and higher terms become the same magnitude as the unperturbed states. 
For the present situation the result (3.22) breaks down as 

(tt - (0 2 - 9 1 )) 



2V2V 

To compute the corrections of geodesies ending on antipodal points, a resummation 
of series is necessary. 

4.3 The Ratio Of The Correction To The Unperturbed Distance, In The 
Limit Of Vanishing Angle. 

One other interesting fact about (3.22) is that even though the function vanishes as 
9 2 — 9 1 — > 0, the ratio of the j|^2-2tan ° 2 ~ dl log |1 — cos [9 2 — #i]| to the unperturbed 
distance 9 2 — 9i diverges. This is because (3.22) is not analytic at 9 2 — 9\ = 0. This 
implies that (3.22) should not be trusted for very small separations of the angle. At 
small angles, the series breaks down as, 

9 2 - 9 1 < V2e~^. (4.1) 



of the primary operator e 2&< ^, A^ 2 ^) = A(e 2b ^) = b(Q - b), and the fact that A(e 26 ^) = A(e 2b ^) = 1 
i.e. that e 2t "^ transforms as (1,1) tensor so that J (Px^fge 1 ^ is conformally invariant [13]. This 
conformal weight can be obtained by computing the O.P.E. of the stress tensor with the operator, 
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fl^2 

i &7T 

Here v2e ? 2 acts as the Planck length of the system. 

4.4 Future Work 

• Now that a gauge invariant propagator has been computed, many other quan- 
tities can be computed using standard techniques. Computations of the expec- 
tation value of curvature invariants or other diffeomorphism invariant quantities 
involving the metric, can be computed in this formalism. This can be done by 
expanding the Liouville factor of the metric into the saddle point contribution 
and the fluctuation, expanding in powers of b and using standard perturbative 
techniques to compute the quantity with the propagator (f[9)f[9)) and required 
derivatives. 

• When coupling a matter CFT to Timelike Liouville theory, quantities invari- 
ant under SX 2 (C) transformations can be constructed. For example, The two 
point correlator of two fields of known scaling dimension at fixed geodesic dis- 
tance. 

Using the results of Section 3 the correlator of two conformal matter fields of 
known scaling dimension at fixed geodesic distance L can be computed. 



d 2 xd 2 y5^[L-J ^ gflu — —da\<0(x)0(y)> (4.2) 

Here < X(x)X(y) > is the correlator on the fixed reference sphere. 

Naively there is no obstruction to extending this to n-point correlation functions 
including a delta function constraint for each pair of points, fixing there separation 
to a fixed physical distance. 

Another quantity of note is the two point correlator of two fields of fixed 
scaling dimension under the influence of a probe propagator. A scalar field under 
the influence of Liouville has an action of the form 

-S x = ~ J d 2 x y/g [g ab V a \V b \ - m 2 \ 2 ] 

= - J d 2 x v^e 2 ^ [e- 2 ^V a A V b X - m 2 X 2 } . (4.3) 
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Extracting the Liouville dependence and integrating by parts, this action can be 
rewritten as 



-S x = - J d 2 x v ^[g ab d a Xd b X - m 2 e 2b ^ 0+f) X 2 } 

= -J d 2 x^\T h d a \d b \ - mV^(l + / + l -f)X 2 }. (4.4) 



From (4.4) the probe propagator and the probe Feynman rules can be obtained, 



< AA > = x • • y= (V 2 + mV 6 * ) -1 

= a 2 LegendrePf^^/ 1 + 4m 2 e 2 * - 1, Xxy] 

+ a 3 LegendreQ[^\/ 1 + 4m 2 e 2 * - 1, Xxy}- 22 (4.5) 




d 2 z^g z m 2 e (p0 (4.6) 
d 2 z^ff z m 2 S'\ (4.7) 



One quantity that can be computed is, 

J d 2 xd 2 y^- x ^g- y <X(x)(V 2 + m 2 )- 1 X(y) > (4.8) 

= J d 2 xd 2 y^f x ^f y Z- 1 j V f e f{x) e fiy) X(x)(V 2 + m 2 e^e f )- 1 X(y)e- Sl . 

(4.9) 

This is the analog of the first correction in the expansion of a Wilson line coming 
from a scalar mediating boson, on a fluctuating sphere. Here the coordinates, 
x, y, are on the reference sphere. In (4.8) the Liouville field enters from two 
regimes. First from the integration measures of the coordinates on the sphere, and 
second from the covariant derivative in the propagator. Taking the perturbative 
expansion of the Liouville field to quadratic order, (4.8) can be written more 
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explicitly as 

J d 2 x d 2 y VT* VTyZ- 1 Jvf [l+f(x) + f(y) + l -f{xf + l -f(y) 2 + f(x)f(y)] x 

x x (x)(V 2 + m 2 (l + / + l -f))-\(y)e- s K 

(4.10) 

where Si is the the linearized gauge fixed action Liouville action. The remaining 
Feynman rules obtained from (4.10) are, 




(4.11) 
(4.12) 



It follows that (4.10) corresponds to the Feynman diagrams in Figure {4.4}. 




Figure 3. Feynman diagrams corresponding to (4.10). The third, sixth, and seventh diagrams 
correspond to renormalization of the Liouville coupling to the conformal field and the probe 
mass respectively. 

• Lastly, there is the question of if there is a Gribov Ambiguity with constraint 
used to address the gauge redundancy. The current work has fixed the gauge of 
the SL/2(C) transformations locally, but there is no guarantee that it has been 
fixed globally, so it is still possible that there is a non-perturbative failure of 
B.R.S.T. symmetry after following this procedure, i.e. the gauge fixing of the 
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dipole may not be the unique way to fix the gauge [25]. A possible avenue forward 
could be to construct a proof showing that the fixing of the dipole is a unique 
gauge condition or determine whether a Gribov Ambiguity occurs. 
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